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' Abstract 
^ '. 

CJ , Extended particles are considered in terms of the fields on the Poincare group. 

' Dirac like wave equations for extended particles of any spin are defined on the various 

\^ • homogeneous spaces of the Poincare group. Free fields of the spin 1/2 and 1 (Dirac and 

Maxwell fields) are considered in detail on the eight-dimensional homogeneous space, 
which is equivalent to a direct product of Minkowski spacetime and two-dimensional 
complex sphere. It is shown that a massless spin-1 field, corresponding to a photon 
field, should be defined within principal series representations of the Lorentz group. 
r"! I Interaction between spin-1/2 and spin-1 fields is studied in terms of a trilinear form. 

An analogue of the Dyson formula for S-matrix is introduced on the eight-dimensional 
homogeneous space. It is shown that in this case elements of the S'-matrix are defined 
I by convergent integrals. 

Keywords: extended particles, fields on the Poincare group, homogeneous spaces, wave 
equations, quantum electrodynamics 

PACS numbers: 02.30.Gp, 02.60.Lj, 03.65.Pm, 12.20.-m 

1 Introduction 
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It is well-known that the representation of a particle as an idealized point has been used 
I in physics for a long time. Historically, such a description follows from classical (celestial) 
mechanics, where the distances between explored objects are much greater than their sizes. 
However, in quantum field theory a point-like particle description meets with some con- 
ceptual difficulties. For example, ultra-violet divergences follow directly from the point-like 
description. Refusing from the point-like idealization, we come to extended objects. 

Our consideration based on the concept of generalized wave functions introduced by 
Ginzburg and Tamm in 1947 [21] , where the wave function depends both coordinates and 
additional internal variables which describe spin of the particle, fi = 0,1,2,3. In 1955, 
Finkelstein showed [ISj that elementary particles models with internal degrees of freedom 
can be described on manifolds larger then Minkowski spacetime (homogeneous spaces of 
the Poincare group). The quantum field theories on the Poincare group were discussed in 
the papers [38l[3Sl[12lEllMl[6ll[39l[l6ll25ll29]. A consideration of the field models on 
the homogeneous spaces leads naturally to a generalization of the concept of wave function 
(fields on the Poincare group). The general form of these fields relates closely with the 
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structure of the Lorentz and Poincare group representations HSl ttH 125] and admits the 
following factorization f{x,z) = 0"(z)?/^„(a;), where a; G T4 and (^"(z) form a basis in the 
representation space of the Lorentz group. At this point, four parameters correspond to 
position of the point-like object, whereas remaining six parameters z G Spin^(l,3) define 
orientation in quantum description of orientable (extended) object [261 (see also [33]). It 
is obvious that the point-like object has no orientation, therefore, orientation is an intrinsic 
property of the extended object. Taking it into account, we come to consideration of physical 
quantity as an extended object, the generalized wave function of which is described by the 
field 

V'(") = {x,9\i^) 

on the homogeneous space of some orthogonal group SO(p, g), where x E Tn (position) and 
g G Spin^_(p, q) (orientation), n = p + q. So, in [5ll |55] Segal and Zhou proved convergence 
of quantum field theory, in particular, quantum electrodynamics, on the homogeneous space 

X of the conformal group SO(2,4), where is the three-dimensional real sphere. 

On the other hand, measurements in quantum field theory lead to extended objects. As 
is known, loop divergences emerging in the Green functions in quantum field theory originate 
from correspondence of the Green functions to unmeasurahle (and hence unphysical) point- 
like quantities. This is because no physical quantity can be measured in a point, but in 
a region, the size of which (or 'diameterjlj of the extended object) is constrained by the 
resolution of measuring equipment [2]. Ordinary quantum field theory defines the field 
function 0(a;) as a scalar product of the state vector of the system and the state vector 
corresponding to the localization at the point: 

0(x) = {x\(l){x)). 

This field describes the point-like object. On the other hand, resolution- dependent fields 

(pa^x) = {x,a;g\(f){x)), 

introduced in the work [2], describe in essence extended objects, here {x,a;g\ is the bra- 
vector corresponding to localization of the measuring device around the point with the 
spatial resolution a, g labels the apparatus function of the equipment (an aperture). It is 
easy to see that the resolution-dependent fields have the same mathematical structure as the 
fields on the Poincare group (more generally, fields on the groups). 

The present paper is organized as follows. Basic facts concerning fields on the Poincare 
group are considered in the section 2. Dirac-like wave equations for extended objects are 
presented in the section 3. Solutions for the fields = {x, g of spin 1/2 and 1 (Dirac 

and Maxwell fields) are given in terms of associated hyperspherical functions defined on the 
two-dimensional complex sphere, where g G Spin_^(l,3). Interaction between these fields is 
introduced in the section 4 in terms of a trilinear form. 

2 Fields on the Poincare group 

As it mentioned above, Ginzburg and Tamm proposed to consider new internal continuous 
variables m^. It allows one to generalize the Klein-Gordon wave equation. The Ginzburg- 

^For example, this diameter can be defined by a characteristic rest-frame kernel dimension ~ h/mc 
(Compton wavelength). The magnitude of the 'kernel' radius of extended particles was first proposed by de 
Broglie [H], see also (501 IS2]- 
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Tamm equation has the form 



where 



M, 



fii/ 



d d 
-I I u,,- u,. 



(1) 



(/i,z/ = 0,l,2,3) 



are rotation generators of the four-dimensional space, the constant /3 is analogous to the 
momentum J in the rotator hamiltonian H = {2J)~^LikLik, where Lik are generators of 
the Lorentz group, is a constant. The wave function "if depends on coordinates of 
mass centre of the particle and internal variables m^. The 4- vector is a 4- vector of relative 
motion of the structural component of the particle around its mass centre. The wave function 
can be factored: 



Then the Ginzburg-Tamm equation is decomposed in the following two equations: 

(n-m^ + Ai/3)^(x^) = 0, Li^u^) = Xi^u^). 
At this point, the function is an eigenfunction of the operator Li, 

Li = M^,Mp,/2, Li$ = Ai$. 
The first equation from ([2]) has the following solution: 



(2) 



C exp{—imot) , 



where 

ml = — Ai/3. 

Thus, a mass spectrum, described by the equation ([T]), is defined by an eigenvalue of the 
operator Li. The mass operator Li in spherical coordinates on the one-sheeted hyperboloid 

Uq = rsinhx; U2 = r cosh x sin 6' sin 0; 

Ui = r cosh X sin 6* cos U3 = r cosh x cos 6^, 

is defined by an expression 
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The hyperboloid is a homogeneous space of the Lorentz group. Solutions of the Ginzburg- 
Tamm equation have the form of the fields on the Poincare group: 



C exp{-imot)Yi^rn{6, (fyP^ (tanh x), 
where Yi^m{di<P) is a spherical function, and P/(tanhx) is a Legendre polynomial. 
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Further, fields on the Poincare group present itself a natural generalization of the concept 
of wave function. These fields (generalized wave functions) were introduced independently 
by several authors |2H |8l [TQl [56] mainly in connection with constructing relativistic wave 
equations. In essence, this generalization consists in replacing the Minkowski space by a 
larger space on which the Poincare group acts. If this action is to be transitive, one is lead 
to consider the homogeneous spaces of the Poincare group. All the homogeneous spaces of 
this type were listed by Finkelstein [18] and by Bacry and Kihlberg [6] and the fields on 
these spaces were considered in the works [381 13 SSI EH ESI EH [25] . 

A homogeneous space of a group G has the following properties: 

a) It is a topological space on which the group G acts continuously, that is, let y he a. point 
in A^, then gy is defined and is again a point in {g E G). 

b) This action is transitive, that is, for any two points yi and y2 in Ai it is always possible 
to find a group element g E G such that y2 = gyi- 

There is a one-to-one correspondence between the homogeneous spaces of G and the coset 
spaces of G. Let Hq be a maximal subgroup of G which leaves the point yo invariant, gyo = yo, 
g E Hq, then Hq is called the stabilizer of t/q. Representing now any group element of G in 
the form g = gcgo, where go G Hq and gc G G/Hq, we see that, by virtie of the transitivity 
property, any point y G Ai can be given by y = gcgoyo = gdJ- Hence it follows that the 
elements gc of the coset space give a parametrization of Ai. The mapping Ai ^ G/Hq is 
continuous since the group multiplication is continuous and the action on Ai is continuous 
by definition. The stabilizers H and Hq of two different points y and yQ are conjugate, since 
from HogQ = go, yQ = g'^y, it follows that gHog'^y = y, that is, H = gHog'^. 

Returning to the Poincare group V, we see that the enumeration of the different homoge- 
neous spaces AiofV amounts to an enumeration of the subgroups of P up to a conjugation. 
Following to Finkelstein, we require that Ai always contains the Minkowski space R^'^ which 
means that four parameters of A4 can be denoted by x (x^). This means that the stabilizer 
H of a given point in Ai can never contain an element of the translation subgroup of V. 
Thus, the stabilizer must be a subgroup of the homogeneous Lorentz group 0+. 

In such a way, studying different subgroups of 0+, we obtain a full list of homogeneous 
spaces Ai = V/H of the Poincare group. In the present paper we restrict ourselves by a 
consideration of the following four homogeneous spaces: 

0; 

= SU(2); 

fi,-, fie}- 

Hence it follows that a group manifold of the Poincare group. Alio = M^'^ x £g, is a maximal 
homogeneous space of V, SIq is a group manifold of the Lorentz group. The fields on the 
manifold Alio were considered by Lurgat [38]. These fields depend on all the ten parameters 
of V: 

1p{a) = {X, Q 1-0) = ^{Xo, Xi, X2, X3)ip{Qi,Q2, 03, 04, 05, 06), 

where an explicit form of tp{x) is given by the exponentials, and the functions iP{q) are 
expressed via the generalized hyperspherical functions 9Jl,^„(g). As is known, the universal 
covering of the proper Poincare group is isomorphic to a semidirect product SL(2; C) T4 
or Spin_,_(l,3) © T4. Since the group T4 is Abelian, then all its representations are one- 
dimensional. Thus, all the finite-dimensional representations of the proper Poincare group 
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in essence are equivalent to the representations C of the group Spin_,_(l, 3). In the case of 
finite-dimensional representations of Spin^(l,3), 



basic functions (matrix elements) of the finite-dimensional representation of V have the form 
where 

9^L(0) = e-''"^^3L(cos^^)e-'^^ 

Hyperspherical functions ^^^{cosO'^) can be expressed via the hypergeometric functions [65] . 
So, at m > n and m > k, k > n we have 



•2^ ^COg nc. _ .m-n T jl + TU + 1)T jl - U + 1) 9 3, T 

^mn{C0Se)-t ^/^^_^^^)^^^^^^)COS ^ COSh 

Vtan™-^-tanh'=-"-x 

^ 9 9 



X 2^1 





/c — n + 1 



tanh^I). (4) 



There also exist three expressions of the hypergeometric type for the functions 3m„(cos6''^) 
with the index values m >n, m > k, n > k, n > m, k > m, n > k and n > m, k > m, k > 
n. For the unitary representations, that is, in the case of principal series representations of 
the group SOo(l, 3), there exists an analogue of the formula ([3]), 



VJ{z) = {a^2Z + a22)^+^^-^(ai2^ + a22)"^^" 7 ( ^''^ ' ) , (5) 

where /(z) is a measurable function of the Hilbert space L^iZ^ satisfying the condition 
J 1/(2;) pdz < 00, z = X ^ iy. A totality of all representations a — > T°, corresponding to 
all possible pairs A, p, is called a principal series of representations of the group S0o(l,3) 
and denoted as ©A,p- At this point, a comparison of ([5]) with the formula ([3]) for the spinor 
representation shows that the both formulas have the same structure; only the exponents 
at the factors (0122; + ^22); (0.12-2 + 022) and the functions ji^z^ are different. In the case of 
spinor representations the functions f{z) are polynomials p{z^ z) in the spaces Sym^^ and 
in the case of a representation (3a,p of the principal series ji^z^ are functions from the Hilbert 
space L^iZy Further, we know that a representation Si of the group SU(2) is realized 
in terms of the functions i}^Jyu) = e~*™'^P^„(cos6')e~*"'^ [68]. It is well known that the 
representation Sk of SU(2) is contained in ©^.p not more then one time At this point, 
Sk is contained in &\,p, when | is one from the numbers — fc, —k + 1, . . . ,k. Matrix elements 
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of the principal series representations of the group SOo(l, 3) have the form 

■JJ^mn — C Jmn — C A 

lo 

^""Vr(/o -m + i)r(/o + m + i)r(/o - 1 + i)r(/o + 1 + 1) x 

t=-lo 

cos2'«-tan"-*-x 
2 2 



min(io-m,/o+t) ^g^^2j 9 



2 X 



r(j + i)r(/o - m - J + i)r(/o + 1 - j + i)r(m - 1 + j + 1) 

j;=max(0,i— m) 

r(i +ip- n)T{\ + ip + n)T{\ + ip- t)r(i + tp + t) cosh-^+2^'' ^ tanh""* 

tanh^^ f 

^ , r(s + i)r(i + ip-n- s)r(i + + 1 - s)r(n - 1 + s + 1) ' ^ ^ 

where Iq = ||| and | is one from the numbers —k,—k + 1, . . . , k. It is obvious that 

OJlmn'*'*^'''' (0) cannot be attributed as matrix elements to single irreducible representation. 
From the latter expression it follows that relativistic spherical functions /(g) of the principal 
series can be defined by means of the function 

= e-^^'+'^^3J^''''\cose')e-^^'+'^\ (7) 

where 

_i ^0 1 

3-|+^'''^cos0^)= J2 Pt(cos0)q3,7+^''(coshr). 

t=-lo 

In turn, the functions 9Jlmn^*'''^° (fl) can be expressed via the hypergeometric functions. So, 

at m > t, t > n we have 



^-|+*p,io. X _ m-n-mie+iv)-nis+i^) j ^ jk + ^ + 1)T {tp n + ^) ^ 

y r(/o - m + l)T[ip + n + ^) 

cos2'« - cosh"i+2^^ - y tan'"-* - tanh*-" -x 
2 2 ^ 2 2 



2^1 



m — Iq, —t — Iq 

m — t + 1 



tan^^UFi 

2/1 t-n+1 



tanh^ 



There also exist three expressions of the hypergeometric type for the functions OJtmn^*''''° (0) 
with the index values m > t, n > t, t > m, n >t and t > m, t > n. 

The following eight-dimensional homogeneous space Aig = ^^'^ x S"^ is a direct product 
of the Minkowski space M}'^ and the complex two-sphere S'^. In this case the stabilizer H 

fe"^ 

consists of the subgroup 0,1 of the diagonal matrices ^^.c ) . Bacry and Kihlberg 

V e 2" 



[B] claimed that the space A^g is the most suitable for a description of both half-integer and 
integer spins. The fields, defined in A^g, depend on the eight parameters of V: 



(x, r IV') = i){x)i){^^, e^) = -^{xo, xi, X2, X3)^{ip, e, e, r), (9) 

where the functions il){ip'^ ,6'^) are expressed via the associated hyperspherical functions de- 
fined on the surface of the complex two-sphere S^. The sphere 5*2 can be constructed from 
the quantities Zk = Xk + iyk, Zk = Xk — iyk {k = 1, 2, 3) as follows: 

: zl + zl + zl = - y2 + 2zxy = r\ (10) 
The complex conjugate (dual) sphere is 

cc *2|*2|*2 2 2r)- *2 

62 : zx + Z2 + = X - y - 2zxy = r . (11) 

For more details about the two-dimensional complex sphere see [301 EH EH]. The surface 
of 5*2 is homeomorphic to the space of the pairs (2:1, 2:2), where zi and Z2 are the points 
of a complex projective line, Zi 7^ 22- This space is a homogeneous space of the Lorentz 
group |21j. In Euler parametrization we have (-21,2:2) ~ i'^'^,^'^) = — ie,9 — it). It 
is well-known that both quantities — y^, xy are invariant with respect to the Lorentz 
transformations, since a surface of the complex sphere is invariant (Casimir operators of the 
Lorentz group are constructed from such quantities). Moreover, since the real and imaginary 
parts of the complex two-sphere transform like the electric and magnetic fields, respectively, 
the invariance of ~ (E + zB)^ under proper Lorentz transformations is evident. At this 
point, the quantities x^ — y^, xy are similar to the well known electromagnetic invariants 
^2 — B"^, EB. This intriguing relationship between the Laplace-Beltrami operators, Casimir 
operators of the Lorentz group and electromagnetic invariants E"^ — ~ x^ — y^, EB ~ xy 
leads naturally to a Riemann-Silberstein representation of the electromagnetic field (see, for 
example, [691 jSTJ [10]). Further, associated hyperspherical functions 

MY" {y^", 6^,0) = e-*™^'3r(cosr), (12) 

where 

I 

3r(cosr) = Pi,(cos0)q}f(coshr), 

k=-l 

are defined on the surface of the two-dimensional complex sphere ( ITOl) . In turn, the functions 
dJVp{ip^,9'^,0) = e*""^''3P'(cos^'^) are defined on the surface of the dual sphere ( ITTj) . Exphcit 

expressions of the hypergeometric type for the functions {cos 6^) and 3p(cos^'^) follow 
directly from the previous expressions (jl]) and (IH]) at n = 0. In the case of the principal 
series representations of the group S0o(l,3) we have 

3^1 (cos ^^) = J2 ^i°*(cos^)q3S^,^(coshr), (13) 

t=-lo 

where ^^i_,_-^(coshr) are conical functions (see [9]). 

In turn, a seven-dimensional homogeneous space Aij = M^'^ x is a direct product 
of M^''^ and a three-dimensional timelike (two-sheeted) hyperboloid H^. The stabilizer H 
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consists of the subgroup of three-dimensional rotations, SU(2). Quantum field theory on the 
space A^7 was studied by Boyer and Fleming [12j. They showed that the fields built over 
are in general nonlocal and become local only when the finite dimensional representations 
of the Lorentz group are used. It is easy to see that the fields ip E J^j depend on the seven 
parameters of the Poincare group: 

(x, r, e, £1-0) = ^{xo, xi, X2, X3)^{t, e, e), 

where the functions 'ijj{T,e,e) are expressed via e~*-™^"^"''^-'^J„„(cosh r) in the case of finite 

dimensional representations, and also via e~*^™'^"'""'^''*Pmn^*''(cosh r) in the case of principal 
series of unitary representations, and via e~*^™^"'""''^''^^(cosh r) in the case of the discrete 
representation series of the subgroup SU(1, 1). The spherical function *P^„(coshr) on the 
group SU(1, 1) has the form 



*P^„(coshr) = Vr(/-n + l)r(/ + n + l)r(/-m+l)r(/ + m + l)x 

cosh2'-tanh"-™-x 
2 2 

min(Z— n,Z+m) r,2s r 

y ^^"^ ^ . (14) 

^ T{s + l)T{l-n- s + l)T{n-m + s + l)T{l + m- s + l) ^ ' 

Further, a six-dimensional space Ai^ = M}'^ x S*^ is a minimal homogeneous space of 
the Poincare group, since the real two-sphere 5*^ has a minimal possible dimension among 
the homogeneous spaces of the Lorentz group. In this case, the stabilizer H consists of the 

/ cosh ■- sinh ■- \ 

subgroup fi^ and the subgroups ilr and fi^ formed by the matrices ( .^^ I ^^^^ 2 j g^^^j 



ysinh I cosh 2/ 

respectively. Field models on the homogeneous space A^e have been considered 



62 



in the works [361 [391 [16] . the paper [16] Drechsler considered the real two-sphere as a 'spin 
shell' 5*^=28 of radius r = 2s, where s = 0, |, 1, |, . . .. The fields, defined on A^g, depend on 
the six parameters of V: 

(X, (f, 6'IV') = ^Pixo, Xi, X2, X3)ip{(p, 6), 

where the functions ipifj ^) ^''^^ expressed via the generalized spherical functions of the type 
e~*™''^P^Q(cos^) or via the Wigner D-functions, here 

PLicosO) = e-*('"'^+"'^)z'"- Vr(/ -m+ 1)T{1 + m + 1)T{1 -n+ 1)T{1 + n + 1) x 

cos^' - tan™"" - X 
2 2 

mm{l-n,l+n) 42ji.^^2j9 

is a spherical function on the group SU(2). 

Further, let H he a. Hilbert space and let U{g) be a square integrable representation of 
a locally compact Lie group G acting transitively on T-L, Wcj) E Ti, g E G : U{g)(f) G Ti. Let 
there exist such a vector | ■?/') G "H that satisfies the admissibility condition: 

C^ = mr' I \(\U{gm'd^^{g) < 00, 

JgeG 



where d^{g) is the left-invariant Haar measure on G. Then, any vector \(f)) ^ can be 
represented in the form 

|0) = C^V^' [ \Uig)^)dft{g){^pU*{g)\<P). 

JG 

At the restriction of G on the affine subgroup x' = ax + h (the group of translations and 
dilatations of the real axis) a harmonic analysis on the group G is reduced to the wavelet- 
transformation: 

J a"- \ a J a 

Mb) = I (^^y{x)d\ 

G^ = r\ii{ak)\^— < oo. (16) 
Jo 0, 

At this restriction the field t/'(a) = {x^g on the group G is reduced to the field ij^iyCx) = 
{x, a IV') ~ {x, a; g\(f){x)) on the affine group, where a is a scale factor which can be associated 
with the resolution of measuring equipment [2]. It should be noted that further restriction 
of G on the translation subgroup leads to the restriction of il^^ct) = {x,g\il)) to the field 
il^{x) = {x describing the point-like object, and the wavelet-transformation in this case is 
reduced to the Fourier-transformation. Thus, the affine group is a minimal group which can 
be used for description of the extended object. The restriction of G to the affine subgroup 
is equivalent formally to the Faddeev-Popov method considering translation and dilatation 
invariance in quantum field calculations related with the renormalization group, at this point, 
a = 1/A, where A is a cut-off parameter. Moreover, in the framework of wavelet-analysis, 
loop Green functions emerging in 0'^-model, are free from ultra-violet divergences [H [2] . 



3 Free fields on the two-dimensional complex sphere 

We will start with a more general homogeneous space of the group V, A^io = K^''^ x 2,^ 
(group manifold of the Poincare group). Let C{a) be a Lagrangian on the group manifold 
A^io (in other words, C{a.) is a 10- dimensional point function), where ex. is the parameter 
set of this group. Then an integral for C{a) on some 10-dimensional volume Q of the group 
manifold we will call an action on the Poincare group: 



A = j dcxC{a), 



a 

where dcx is a Haar measure on the group V. 

Let il^{ct) = (x, g be a function on the group manifold A^io (now it is sufficient to 
assume that il^icy.) is a square integrable function on the Poincare group) and let 

aa 
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be Euler-Lagrange equations on A^io (more precisely speaking, the equations ( 1T7|) act on 
the tangent bundle TAiiQ = U T^J^ lo of the manifold A^io, see |4j). Let us introduce a 

aeMio 

Lagrangian C{cx.) depending on the field function il^{oc) as follows 

£(a) = -i - - KrHBu^ic.), 

where = 1, 2, ... , 10) are square matrices. The number of rows and columns in these 

matrices is equal to the number of components of il^{oc), k is a non-null real constant. 
Further, if Bu is non-singular, then we can introduce the matrices 

= -BfZ-B^, /i = 1, 2, . . . , 10, 

and represent the Lagrangian C{ct) in the form 

= -i (^(c.)T,^^ - l^r.V'la)) - «:V^(a)V>H, (18) 

where 

^{c) = iP*{a)Bu. 

Varying independently '4'{x) and ip{x), we obtain from (|T8l) in accordance with ([T7|) the 
following equations: 

r,^ + K^*(x) = 0, 

(i = 0, . . . , 3) (19) 



Kll){x) = 0. 



dxi 

The matrix Fq in equations ( [T9|) can be written in the form (see [201 El HH]) 

Fo = diag (C° ® Ji, ® Is, . . . , ® /2.+1, . . .) (20) 

for integer spin and 

Fo = diag (C^^ ® h, ®h,...,C' ® hs+u ■ ■ •) (21) 

for half-integer spin, where C"* is a spin block. If the spin block has non-null roots, then 
the particle possesses the spin s. The spin block in fl20|) -f l2T]) consists of the elements 
cf. /, where t;, /„ and te v are interlocking irreducible representations of the Lorentz group, 

' 1 1 

that is, such representations, for which /'^ = /i ± 2, ^2 ~ ^2 =t 2' ^^^^ point, the block 
contains only the elements c^^, corresponding to such interlocking representations Ti^^i^, 
Ti'^^i'^ which satisfy the conditions 

1^1 -k\< s <li + k, \l[ -l2\<s< l[ + I2. 

The two most full schemes of the interlocking irreducible representations of the Lorentz 
group for integer and half-integer spins are shown on the Fig. 1 and Fig. 2. As follows from 
Fig. 1 the simplest field is the scalar field 

(0,0). 
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Fig. 1: Interlocking representation scheme for the fields of integer spin (Bose-scheme). 

This field is described by the Fock- Klein- Gordon equation. In its turn, the simplest field 
from the Fermi-scheme (Fig. 2) is the electron-positron (spinor) field corresponding to the 
following interlocking scheme: 




This field is described by the Dirac equation. Further, the next field from the Bose-scheme 
(Fig. 1) is a photon field (Maxwell field) defined within the interlocking scheme 

M ^ ^ ■ 

This interlocking scheme leads to the Maxwell equations. The fields (1/2,0) © (0, 1/2) and 
(1, 0) © (0, 1) (Dirac and Maxwell fields) are particular cases of fields ip{cx) — {x, g of the 
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Fig. 2: Interlocking representation scheme for the fields of half-integer spin (Fermi-scheme). 



type (/, 0) © (0,/), where q G Spin_,_(l, 3). Wave equations for such fields and their general 
solutions were found in the works [021 ESI El]- 

It is easy to see that the interlocking scheme, corresponding to the Maxwell field, contains 
the field of tensor type: 

1 r 

2' 2 



Further, the next interlocking scheme (see Fig. 2) 



2' 



'2 



corresponding to the Pauli-Fierz equations [19j, contains a chain of the type 
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In such a way we come to wave equations for the fields il^{ct) = {x,g of tensor type 
{h, h) ® (hJi)- Wave equations for such fields and their general solutions were found in the 
work [67] . 

Further, varying independently ipio) i^id) gets from (fTSl) the following equations: 



r,MB)+K.^.(B) 



dgk 



0, 
0, 



{k 



.6) 



(22) 



where 



A? 



Ak 

Non-zero elements of the matrices and A^ have the form (for more details see [62]) 



Ai 



^l-l,l,m-l,m 

^l,l,m—l,m 
^l+l,l,m-l,m 
^l-l,l,m+l,m 



2^V^(/ + m)(/ + m- 1), 



f v/(/ + m)(/-m + l), 
^^V(/-m + l)(/-m + 2), 



fy/{l + m + l){l-m), 
f^^{l + m + l){l + m + 2). 



(23) 



A, 



^'l-l,l,m-l,m 

l^k'k 
l,l,m—l,m 

^l+l,l,m-l,m 

^l-l,l,m+l,m 



ICl. 



-^^{l + m){l + m-l), 



v/(/-m + l)(/-m + 2), 
2i^V(/-m)(/-m-l), 



-^v'(^ + ^ + i)(^ 

^V(/ + m+l)(/ + m + 2). 



(24) 



c 



A, 



k'k 

/ — l,/,m 



C 



k'k 

l+l,l,m 



Mk 



k'k 

cfi "m, 



-1+ 



(25) 



A* 



^k'k 
l — l,l,rh—l,rh 

^k'k 
l,l,rn—l,rn 

^k'k 
l+l,l,m~l,m 

^k'k 
l~l,l,m+l,m 

^k'k 

^k'k 
i+l,i,m+l,m 



l+i.l 



{I + m)(/ — m — 1), 



(/' + m)(/ - m + 1), 
(/-m + l)(/-m + 2), 

(/ — m)(/ — m — 1), 
(/ + m+ l)(/-m), 
(/ + m + 1)(/ + m + 2). 



(26) 
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A* 



'^i—l,i,m,—l,m, 

^ij,rh—l,m 
^i+l,i,rh—l,m 
'^i—l,i,m+l,rn 

^/+l,/,rh+l,rh 
ck'k 



(/ + m)(/ — m — 1), 



(/-m + l)(/-m + 2), 



'-i-i.i 



^1+1,1 



{I — m){l — TTi — 1) , 
{i + m+ l)(/-m), 



(/ + m + l)(/ + m + 2). 



(27) 



£k'k 



k'k .fyi 



ILrh 



k'k • 



(28) 



(/ + 1)2 - m2 



In general, the matrix A3 must be a reducible representation of the proper Lorentz group 
0+, and can always be written in the form 



A, 



A<1 

^^3 



A (2 

^^3 











A!i 



(29) 



I 

where A3' is a spin block (the matrix A3 has the same decompositions). It is obvious that the 

matrices Ai, A2 and Ai, A2 admit also the decompositions of the type ( !29l) by definition. If 
the spin block A3 has non-null roots, then the particle possesses the spin /j. Corresponding to 
the decomposition ( 129|) . the wave function also decomposes into a direct sum of component 
wave functions which we write 



= ^«imi + ^hmi + i'hynz + . ■ ■ ■ 

According to a de Broglie theory of fusion [T^, interlocking representations give rise to 
indecomposable relativistic wave equations. Otherwise, we have decomposable equations. 
As is known, the indecomposable wave equations correspond to composite particles. A 
relation between indecomposable wave equations and composite particles will be studied in 
a separate work. 

Returning to the equations fl2^ . we see that the first equation can be written in the form 



where fli = ai, 02 



^2, 03 



j=i J j=i ] 



03, 04 = ^al, 05 



^^2, 06 



(30) 



zag, = -zg4, a2 = -^05, 



(^3 = ""^06) and Qj, a* are the parameters corresponding to the dual basis. In essence, the 
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equations (150]) are defined in a three-dimensional complex space C'^. In turn, the space is 
isometric to a 6-dimensional bivector space (a parameter space of the Lorentz group [IZ])- 
The bivector space is a tangent space of the group manifold of the Lorentz group, 
that is, the manifold Xlg in the each its point is equivalent locally to the space M^. Thus, for 
all g G -Ce we have TgXle — There exists a close relationship between the metrics of the 
Minkowski spacetime M}'^ and the metrics of (see Appendix). In the case of M^'^ with 
the metric tensor 

/-I 0\ 
0-100 
0-10 
\ 1/ 

in virtue of (163!) for the metric tensor of we obtain 



9ab 



-1 

-1 

0-1000 

1 

1 

1 



(31) 



where the order of collective indices in 



P6 



is 23 ^ 0, 10 ^ 1, 20 ^ 2, 30 ^ 3, 31 -> 4, 



12 — 7- 5. The system fl30|) in the bivector space is written as follows: 



E 



E 



dip' _ dtp' _ dip' 
— zg,-iAiT — zfif-riAoT^ — iq-^K'{T„ — — 



da'i 



da'i 
da*/ 



da'i 



da*i' 



da*/ 



+ k'T-'iP' = 



where 



d sin 09^ d cos oj"^ cos 9^ d r . d 

JT- = + IS^ + cos¥5 sm^^T^, 

aai r sm t^^ ay^ r do dr 

d cos(y9'^ 9 sin y?^ COS 6*^^ d r nc ^ 

ir~ = . + 7m +^^'^'^ ^^^^ TT' 

aa2 r sm a(/9 r dU dr 

sin 9'^ ^ + 9"^^ 

da'i r d9 dr 



(32) 
(33) 
(34) 



d 


. d 


dal 


da I 


d 


. d 


dal 


da2 


d 


. d 


dal 


das 



simp'^ d cos (/j'^ sin 6*"^ d r nr ^ 

~a^a~ + -^ + icos(p sm9 — , 

r sm 9^ de r dr dr 

cosy?^ d siny9^cos6'^ d r nr ^ 

— TT +«sinV5 sm6' — , 

r sm 9^ de r dr dr 

sin 9^ d d 

7^ + «cos0'— . 

r dr dr 



(35) 
(36) 
(37) 
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d 

dai 
d 

95,2 
d 

da?, 



smib^ d cos (i)'^ cos 6^ d ^ ^ 

-T^^s^ + r- m + <=°^'"""* 

cosib'^ d sin 09^ cos d . .^.Ard 

H — + smv? sin6''^-— , 

r* sin 6^ dip r* 06 or* 

sin 9"^ d d 

r* 89 dr* 



(38) 
(39) 
(40) 



d 

dal 
d 

da*2 
d 



—I 



d sinyj*^ d cos cos 6'^ d 



d 



dai 
. d 
da2 
. d 
da? 



r* sin 9"^ de r* 

cos ip'^ d sin ip'^ cos 9^ d 



2 cos 0'' sin 6'''—, 

OT or* 



d 



r* sin 9'^ de 
sin 9'^ d 



isinLp''sin9''—, 
OT Or* 



d 



-icosr— 

OT Or* 



(41) 
(42) 
(43) 



are derivatives defined on the spheres (ITUi) and (ITT]) . Solutions of wave equations for extended 
object are found in the form of series in associated hyperspherical functions which defined 
on the spheres and S"^: 

^Lim = /l^,(r)anKy.,e,^,r,0,0), 



rndm 



fLk^nm^U¥>,e,9,T,0,0), 



where Iq > /, —In < m, n < In and In > I, —In < m, n < Zn- 



to 



to 







to 



to- 



We claim that a system of Dirac like wave equations 



dQk 



/t^(g) 



0, 

0, (« = 0,...,3); 
0, 

(fc = l,...,6) 



(44) 



describes extended particles of any spin on the group manifold Aim = ^ ' x £q of the 
Poincare group V (in particular, on the homogeneous space Ms = R^'^ X S^). In its turn, 
the Ginzburg-Tamm system of Klein-Gordon like wave equations ([2]) describes extended 
particles on the homogeneous space Ai = M}'^ x of V, where is a 3-dimensional 
one-sheeted hyperboloid. A relation between the systems (jSj) and (I2l) is similar to a relation 
between usual Dirac and Klein-Gordon wave equations for the point-like particles. Namely, 
equations fj4i|) (differential equations of the first order) can be understood as 'square roots' 
of the equations ([2]) (differential equations of the second order). 
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3.1 The Dirac field 



In accordance with the general Fermi- scheme (Fig. 1) of the interlocking representations of 
0+ the field (1/2, 0) © (0, 1/2) is defined within the following chain: 

We start with the Lagrangian f|T8|) on the group manifold A^iq: 
where il^{ct) = 'iI>{x)iP{q) (;U = 0, 1, 2, 3, z/ = 1, . . . , 6), and 

^-(a°/o=). ^-(roO' ^-(^o'). («) 

iAl\ _ f iA*2\ T _ [ ^ ^A* 



where cTj are the Pauli matrices, and the matrices Aj and A* are derived from fl23|) - fl25|) and 
(EED-iEH]) at / = 1/2: 

A 1 /O A A 1 /^O -A , 1 A 

Al = -Ci 1 I, „ , At = -Ci 1 . „ , A3 = -Ci 1 „ 

^ 2 52 \^i oy ' ^ 2 52 oy ' 2 52 -1 

A; = ic.,("iy A; = lc..(«-;y A| = ic..(l "V (49) 

1 2 22 \^i oy ' 2 2 22 y ' 3 2 2 2 -ly ^ ^ 

It is easy to see that these matrices coincide with the Pauli matrices cxj when ci 1 = 2. 

22 

The Dirac bispinor ip = {ilji,ip2,4'i,4'2)'^ is defined on A4s = IR^'^ x by the following 
components [63] : 

<(a) = V^i+(xX(s) = Wi(p)e-^P^/i i (Rer)9Jti Jy., e, ^, r, 0, 0), 

2 '2 2' 

2 '2 2' 

Ja) = A-(x)^i Js) = TViip)e'^'A _iiRer*)m{ . (y., e, ^, r, 0, 0), 

2' 2 2' 

^L(«) = ^2"(a^)^L(0) = ^^2(p)e^^^/i _i (Rer*)aJtS ^(^, e, 0, r, 0, 0), 

2' 2 2' 
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where 



E + m 
2m 



E + m 
2m 



1/2 



1/2 



/ 1 \ 



Pz 

E+m 
XE+m/ 

I E+m \ 

P+ 
E+m 

1 



«2(P) 



V2{P) = 



E + m\ 



2m 



1/2 



/ \ 



E + m 
2m 



1/2 



E+m 

I 

\ E+m / 
I E+m \ 

-Pz 

E+m 



V 1 y 



v / 

here p±= iPy Radial functions have the form 

Co fk- 



fi _i(Rer*) = ^W— RerVi+i fv^^Rer*) - ^J— Rer*J_i_i fx/^Rer*) , 



where Ji ^x/^^Rer^ are the Bessel functions of half-integer order, and 



I 



1 3 5 

2' 2' 2''"' 
•1 3 5 

2' 2' 2''"' 



9Jlf ^ ((^, e, 9, r, 0, 0) = e=Fi(^+^^)3f ^ r) , 



3fHe,T) = cos^^-cosh^'- ^ z±5-Han±^^^tanh- 



r 



±1 - Z + 1, 1 - Z - A; 
±h-k+l 



^'tan^- I2F1I 



-A; + l 



tanh^ — I , 
2 '' 



mf^ e, e, T, 0, 0) = e^^(-^^)3^^^ {e, r) , 



3f ^(^'jT) = cos^^ -cosh^' - Han=^2 *^-tanh ^'-x 



±i - / + 1, 1 - / - A; 
±1 - A; + l 



i^tan^^UFif ^ + ^ ^ 



-A; + 1 



tanh 



r 
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are the associated hyperspherical functions defined on the spheres and S'g. General 
solutions are found in the form of generalized Fourier integrals 

oo I „ 

V-iH = i(Rer) Mi(p)e^^'^aJ„97l'i J<^,e,e,r,0,0)ci^x^ 

/=i n=—lrp 

00 I „ 

1=1 "=-'t. 



2 -U 
00 / 



00 z „ 



where 

±i (-1)"(2/ + 1)(2/ + 1) 



F±i (a)e^P^OJtii . e, ^, r, 0, 0)d^xd^Q. 




327r4/i i(Rea) 

2'2 52 T4 

±1 (-1)"(2/ + l)(2/' + l) 
a- = ■■ 

^'^ 327r4/i i(Rea*) 

2 -2 ^ ^ 52 T4 

3.2 The Maxwell field 

In accordance with the general Bose-scheme of the interlocking representations of 0+ (see 
Fig. 1), the field (1, 0) © (0, 1) is defined within the following interlocking scheme: 

We start with the Lagrangian (fT8i) on the group manifold A^io- Let us rewrite (fT8|) in the 
form 

where (f){(x) = (/i = 0, 1, 2, 3, z/ = 1, . . . , 6), and 

^»H;?0,r.^(° --).r..^-).r3^^--l. (51, 
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-i 




A* 


VAi 






ai = i , as = , = -z , (54) 






where 



and the matrices A^- and A* are derived from ([23])-([25]) and ([26])-([28]) at / = 1: 

^ /O 1 0\ /O -i \ /I 

Ai = ^ 1 , A2 = ^ 2 A3 = cn I . (55) 

v2 \0 1 0/ v2 \o 2 / \0 -1 

At = ^cn|l Oil, A; = ^cnU I , A* = cn I 1. (56) 



2 



.0 1 0. 





At this point, electromagnetic field should be defined in the Riemann-Silberstein repre- 
sentation [nH EZl Hn]. The Riemann-Silberstein (Majorana-Oppenheimer) representation 
considered during long time by many authors |10l HHl |28l HJl [511 HH [131 122] . The interest 
to this formulation of electrodynamics has grown in recent years [321 [581 [221 [17]. One of the 
main advantages of this approach lies in the fact that Dirac and Maxwell fields are derived 
similarly from the Dirac-like Lagrangians. These fields have the analogous mathematical 
structure, namely, they are the functions on the Poincare group. This circumstance allows 
us to consider the fields (1/2, 0) © (0, 1/2) and (1, 0) © (0, 1) on an equal footing, from the 
one group theoretical viewpoint. 

In 1949, Newton and Wigner [H] showed that for the photon there exist no localized 
states. Therefore, a massless field (1,0) © (0,1) should be considered within the unitary 
infinite-dimensional representation of the Lorentz group. In accordance with the Naimark 
theorem [13|, the representation Sk of the subgroup SU(2) is contained in &\^p not more 
then one time. Matrix elements of the representation &\^p are defined by the functions ([6|). 
We suppose that the photon field is described within the infinite- dimensional representation 
&x^p. This representation contains a finite-dimensional representation associated with the 
field (1,0) ©(0,1). 

Since longitudinal solutions (pQ (oc) and (a) do not contribute to a real 

photon due to their transversality conditions, then particular solutions for the Majorana- 
Oppenheimer bispinor (p = (0i, 02, 03, 0i, 02, ^3)^ on A^g are defined by the following ex- 
pressions 



d:-^a)=0±(k;x,t)0-t:-n0) 



{2(2vr)3}-^ (l^J-^^ exp[.(k ■ x - u:tMlV''\r)m-JX'''\^, e, 6, r, 0, 0), 



^'ir'^«) = 0;(k;x,t)0-tr'^0) 



{2(27r)3}-^ (Ifk)) ^^P[-^^^ ■ ^ - ^t)]flt''\r*)TlllX'''{^, e, 6, r, 0, 0), 
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where 

£±(k) = {2\k\'{kl + kl)}- 
are the polarization vectors of a photon. Radial functions have the form 



—kik^ ± iA;2|k| 
kf + /o'g 



1,1 (^) 



CVr* + 



lo-ip + 



2-^2 + 4'^' 



and 



9^±?r''°(<^' ^' ^' ^' 0' 0) = e^^'+'^^yJ:'J''\e, r), 



5;fr'°(^,r)=cos^'o^cosh-^^-'"- J]z 

k=-lo 

±l-lo + l,l-k-k ' 
±1 - + l 



«0 



±i-Han±i-'=?tanh"-'=^x 



tan^ - 1 2F1 



0\ „/ n — ip + |, I — — /c 



n-k + 1 



tanh - I , 



m-lJ'\ip, e, e, T, 0, 0) = e^(-^^)3;!,r'""(^, 



3;?,7''°(^,T)=cos^'°^cosh-i-2^''''°^ E ^^'~'tan±^"'^tanh"-^^x 



6* . , T 



2 2 

±1 - Zo + 1, 1 - - 
±1-A; + 1 



k=-lo 



2 2 

1 1 

2' 2 

77,- + l 



tanh 



r 



are associated hyperspherical functions defined on the spheres 5"^ and S^. General solutions 
are found via the following generalized Fourier integrals: 



4>^,{a) = {2(2.)3}- ^ ^ / e^'^^at^^m-^j'^^, e, ^, r, 0, 0)d\ 

lo 



<^±,(a) = {2(27r)^}-^^/-^, 

io=l 



i-ip,/o/ * 



n=— /o 



T4 



-ifca;„,±l cvTj- 2 V''o , 



where 



±1 



;-l)"(2/o + l)^ 



327r4/i, 



±1 




10 ,n 



(-l)'^(2/o + l)^ 
327rVi:ir''°(a*)i i 




F±i(a)e*^"9}t±i\''^''"((^, e, 9, r, 0, O)ciW0. 
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4 Interaction 

Up to now we analyze free Dirac and Maxwell fields. Let us consider an interaction be- 
tween these fields. As usual, interactions between the fields are described by an interaction 
Lagrangian £/. In our case we take the following Lagrangian [66]: 

(57) 



£,(«) = /i(v(«)C)^-V'(«))(s;^).0(«)), 



where a^^ = ^{3^^ - E^E^) and E^ = {T^, T?, T^, , Tf , , T^, Tf , Tf , Tf ), E^ = 
(r^,rf ,rf ,rf ,Tf ,Tf ,Tf ,Tf ,Tf ,Tf), here and are the matrices and 
(HZD-lP]), and r*^ and are the matrices and 

The full Lagrangian of interacting Dirac and Maxwell fields equals to a sum of the free 
field Lagrangians and the interaction Lagrangian: 

C{a) = Coia) + Cm{,cx) + £/(a), 

where Cd{ol) and Cm{,ol) are of the type fH5l) and fl50|) . respectively. Or, 



Cicx) 



dcx, 



da, 



da. 



d4>{a)^ 
da, 



K^ia)^i^{a) + /i(^(a)< V(«))(Sf^)fe0(«)). 



Since the Lagrangian (l57j) does not contain derivatives on the field functions, then for a 
Hamiltonian density we have 'Hi{a) = —Ci{a). 

As is known, in the standard quantum field theory the S-matrix is expressed via the 
Dyson formula [53] 



S = T 



+ 00 



exp 



~ I 'Hi{x)<fx 



(5^ 



where T is the time ordering operator. 

In our case, the electron-positron and photon fields are defined on the space A^g = 
R^'^ X which larger then the Minkowski space M^'^. With a view to define a formula 
similar to the equation fl55|) it is necessarily to replace d'^x by the following invariant measure 
on Ms. 

d^jj = d'^xd'^Q, 



where 



d'^Q = sin O'^dOdrdifde. 



Therefore, an analogue of the Dyson formula 
follows 



^ = r 



exp 



on the manifold A^g can be written as 
\ 



-— J J 'Hi{a)d'^xd^g 
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Let us consider an integral on trilinear form, defining the interaction, over tlie two- 
dimensional complex sphere: 

Hi{cx)dSlr^ I OJtf^(<^,e,^,r,0, 0)371™"= (<^,e,^,r,0,0)OJt'"{^. (99, e, ^, r, 0, 0) sin«<^c^(^^ 

I le *^ 2 '^P 

52 C2 

that is, to investigate convergence of the integral 



^-iime^^-rhe^^-mf^n^fe^^^g r)3r(cOS r)3"'{^. (cos Sin 9^ dO" dip" . 



Here the symbols /g, me correspond to the electron field h, irie correspond to the 

positron field ^'^'^ corresponds to the photon field ^(g). It is obvious that conver- 

gence of the integral 



l2= j e~^^'^'''^''~'^'''^''~^^'^''^d(p'^ 



is not difficult to investigate. Let us consider the following integral: 

+00 

73= / 3r(cosr)3r(cosr)3™{^. (cosr)sinr(ir. 

— 00 

Rewriting hyperspherical functions via the hypergeometric functions, we obtain 



jme+rhe-lr'mf 



r{ie + me + i)r(4 + me + i)r(m/ + + 1) 

r(me + l)r(me + l)r(my + 1) ^ r(Ze - me + l)r(/e - me + l)r(ip - m/ + 1) 

+00 / . 

7 2 2' ' 



X 



e I //^e I ^1 ""e ''e 

me + 1 



sm — X 
2 



2F1 



Ze + me l,me - h 

me -|- 1 



sin'- 2F1I 



m/ |, m/ - i 
m/ + l 



sin' — I sin^d^^ 



(59) 



Further, using an explicit expression for the associated hyperspherical function 



3r(cOS 9") = r . / ^( m ^ .^m ^ ^ 

' ^ ^ ^' r(i + m + l) 2 2 

5 ffTTT 



;-i)^r(z + m + i + i) 



- r(j + i)r(m + i + i)r{i -m-j + i) 2 ' 
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we rewrite the first two hypergeometric functions in tlie integral (159 p . Tlien 



r(m/ + i)\ r(/e + me + i)r(/; + me + i)r(2p - + i) 

(-l)^'^+^'^r(/e + me+Jl + l) 



X 



E E 

jl=0 j2=0 



r(ji + i)r(j2 + i)r(me + ji + i)r(me + 32 + 1) 



X 



+00 



Qc nc 

2 2 



ip + nif + ^,mf - ip + ^ 



nif + 1 



sin^— 1 sin^rf^^ 



Making tlie substitution z = cos 6'^ in tlie integral 



+00 



2me+me+mf 



2 



ip + nif + \,mf - ip + \ 
rrif + 1 



sin^- 1 sin«^ 



we obtain 



1 



+00 



2'me+rhe+mf+ji+j2 



jl+j2 



X 



ip + nif + \,mf - ip + \ 
rrif + 1 



1 - z 



Or, 



1 



+me + ji + j2 



E (-1)' 



m, 



q=0 

+00 

z' 



q\{me + file + nif — q)\ 



X 



1 - z 



^^'^^^ ' ip + nif + \,nif — ip + \ 
rrif + 1 



1 - z 



\ dz. 



Introducing a new variable t = (1 — 2;)/2, we find 



1 



+me +my> + ji + j2 



E (-1) 



g=0 



(me + me + m/)! 
q\{me + rhe + mj — q)\ 



■X 



+ 00 



rrif + 1 



t (it. 
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Decomposing (1 —2tY via the Newton binomial, we obtain 



1 



2me+irie+mf +ji+j2 



Q+P- 



q=0 p=0 



2P 



_^ {me + 7he + mf)\ 
{me + rUe + mf — q)\ 



X 



+00 



p\{k — p)\ J ^ \ TTlf + l 

With the aim to calculate the latter integral we use the following formula 



t \dt. 



1 t\F, 


( a,b 















71+1 



n. 



(c - k)kt 



n-k+l 



k=l 



{a-k + l)\{a-k)k{b-k)k 



2F1 



a — k,b — k 
c — k 



t\. 



Then 



1 



+me 4-m/ + i 1 +i2 



me+ihe+mf q 



q=Q p=0 



ii+i2+p 



E 



(_l)9+P+fc2P(me + rhe + "^/)! 



X 



^ p\{k — p)\{me + the + TTif — q)\{mf + ip + | — /c)! 

(m/ + ip - k + \)k{,rnf -k + l)k 

ip + nij — k + \,mf — ip — k + \ 
nif — k + 1 



iFi\ 



t \dt. 



With the aim to investigate the convergence of ( l59l) let us apply the following asymptotic 
expansion for the hypergeometric function [9]: 



2FA 



a, b 
c 



r(c)r(6-a) , / a,l-c + a 
T{b)T{c-ay ' ' \ 1-6 + a 



+ 



r(c)r(a-5) , 



6, 1 - c + 6 
1 - a + 6 



Thus, 



r(/e - m,e + l)r(/e - + l)r(m/ + + |) 



X 



r(m/ + 1) ^ Vile + me + l)r(/; + me + \)V{%p - + i) 

(-l)^'^+^'^r(/e + me+Jl + l) 



EE 

ji=o i2=o 



f+n+j2Y{j, + l)r(j2 + l)r(me + ji + l)r(me + J2 + 1) 
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r(/e + rhe+j2 + l) ^ 

r(/e - me - jl + l)r(4 - me - 32 + 1) 

y^^^. (-i)g+p+«2P(me + me + mj)! 

~^ ^ ^ ]9!(A; - p)!(me + me + m/ - g)!(m/ + + I - A;)! 



(mj — A; + 1) 



(m/ + ip - /c + |)fc(m./ - /c + 1) 



^ii+j2+p- 



r(m;-fe + i)r(-22p) 

r(m/ -ip - k + - ip) 

rrif + ip - k + \,ip + \ 
2ip+l 



r(m/ - A; + l)r(2ip) 



■X 



r(mj + ip - k + |)r(| - zp) 



m/ + ip - A; + |, I 
1 - 2ip 



tp 



where t = sin y. Since Is ~ 1/t (the hypergeometric function 2F1 can be written as a 
power series in 1/t) and M — )• 00, then I3 converges at M > ji + j2 + P — m/ + ip + | 
and, therefore, in accordance with fISS]) the elements of S-matrix are defined by convergent 
expressions. 



5 Summary 

We have proved convergence of quantum electrodynamics on the Poincare group in the case 
of homogeneous space A^8 = ^^'^ x S"^. We considered Dirac hke equations for extended 
objects on Aig and their particular solutions corresponding to the fields of spin 1/2 and 
1. At this point, the spin-1 field (Maxwell field) is defined within an infinite-dimensional 
representation of the Lorentz group. We showed that an analogue of the Dyson formula for 
S'-matrix in the case of A^s is defined by convergent integrals. It would be interesting to 
consider quantum field models and their convergence on other homogeneous spaces of the 
Poincare group, such as = M^'^ x 5*^, M7 = R^'^ x and Mio = M^'^ x iig. It would be 
interesting also to consider wave equations and field models for the fields il^{(y.) = {x, q 
on the de Sitter group, where x G T5 and q G Spin^_(l,4) ~ Sp(l,l), and for the fields 
il^{cx) = {x,c\il)) on the conformal group, where x E Tq and c G Spin^(2,6) ~ SU(2,2). 
Our next paper will be devoted to these questions. 

Appendix: Spinor groups and bivector spaces 

As is known, rotations of pseudo-Euclidean spaces MP''^ are defined by spinor groups [37] 

Spin(p,g) = {sGr+JiV(s) = ±l}, 
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where = Fp ^ fl C^^^ is a special Lipschitz group, s G Ci^^^ is an even invertible element 
of the real Clifford algebra Cip^g. In more detail, the element s is a linear combination of 
even basic elements, that is. 



The condition N{s) = ±1 means that 

J2^i^i)---^i^2k){a''-'"'Y = ±l. (60) 

k 

On the other hand, from the fact that the elements s G F^ ^ are even products of z/ = ^ z/*ej, 
it is easy to derive that coordinates of s G Spin(p, q) are related by the following conditions 



Conditions (1611) can be rewritten in the form 



5nQ[ni2Qi3«4«5j6] 



(62) 



{2k - iy.\a^'^'^-a 



n«2---^«3«4---«2fc-l«2fc] 



Conditions (160|) and (16T]) express all coordinates of the elements s, belonging to the spinor 
group Spin(p, g), via n{n — l)/2 coordinates a*-', where n = p + q. The number of the 
coordinates a*-' coincides with the number of parameters of the rotation group of the space 
]^p,9 This fact shows that expressions fl60|) and fl6T|) form a full system of the conditions 
separating the spinor group Spin(p, q) from the algebra Cip^g. 

Further, parameters of the rotation group of the space M^''' form a bivector space M^, 
where = ^^^~^'> . Indeed, Let MP'*^ be the n-dimensional pseudo-Euclidean space, p + q = 
n. Let us evolve in R^''^ all the tensors satisfying the following two conditions: 1) a rank 
of the tensors is even; 2) covariant and contravariant indexes are divided into separate 
skewsymmetric pairs. Such tensors can be exemplified by bivectors (skewsymmetric tensors 
of the second rank). The set of all bivector tensor fields in W''^ is called a bivector set, and 
its representation in a given point of MP''^ is called a local bivector set. In any tensor from the 
bivector set we take the each skewsymmetric pair as one collective index. At this point, 
from the two possible pairs a/3 and Pa we fix only one, for example, a/3. The number of 
all collective indexes is equal to = . in a given point, the bivector set of the space 

RP''? with the contravariant components defines in the collective indexes a vector set, and 
the each vector of this set has A^ components. Identifying these vectors with the points of 
the A^- dimensional manifold, we come to an affine manifold if and only if this manifold 
admits a Klein geometry with the group 

detA^Vo, At,4 = 6:, 

where 

Thus, any local bivector set of the space R^''' {p + q = n) can be mapped onto the affine 
space . Therefore, E^ is related with the each point of the space R^''^. The space E^ 
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is called a bivector space. It should be noted that the bivector space is a particular case of 
the most general mathematical construction called a Grassmannian manifold (a manifold of 
m-dimensional planes of the affine space). In the case m = 2 the manifold of two-dimensional 
planes is isometric to the bivector space, and the Grassmann coordinates in this case are 
called Pluecker coordinates. 

The metrization of the bivector space is given by the formula (see [1^) 

gab > gal3-/5 = Qa-yQliS " QaSgp^-, (63) 

where Qaji is a metric tensor of the space W''^, and the collective indexes are skewsymmetric 
pairs a/3 — )• a, 7^ — )■ h. After introduction of Qab-, the bivector affine space E'^ is transformed 
to a metric space M.^ . 

As is known, any transformation from the rotation group of the space W''^ can be rep- 
resented via transformations in the planes (xi,X2), (xi,X3), . . ., (xp+g,Xi). The full 
number of the planes (xj, Xj) is equal to = \ and the each plane (xj, Xj) corresponds 
to the coordinate a^^ of the spinor group Spin(p, g). 
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